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1. Introduction 

Recent interest to black rings ||T]] stimulated search of new generating techniques for five- 
dimensional Einstein equations both vacuum and coupled to vector and/or scalar fields. An efficient 
tool to proliferate exact solutions to D-dimensional Einstein equations depending on three coordi- 
nates consists in dimensional reduction based on the assumption of existence of D — 3 commuting 
Killing symmetries (toroidal reduction). Starting with D-dimensional Einstein equations coupled 
to scalar and vector fields one is able to derive a three-dimensional gravity coupled sigma-model in 
which the target space variables incorporate the initial scalars, vectors and moduli of the toroidal 
reduction. For a particular class of theories the target space turns out to be a coset space G/H 
where G is some semi-simple group known as the hidden symmetry group (for a recent review see 
[^]). This symmetry can be used to generate new solution form known ones with the same three- 
dimensional metric. The sigma-model representation may also serve a basis of further reduction to 
two dimensions ||3|] (looking for solutions depending only on two variables), where more powerful 
methods can be developed such as inverse scattering technique Recently such an approach to 
vacuum five-dimensional relativity has undergone an impressive development [Q] and resulted in 
construction of rather sophisticated ring configurations |^]. For charged rings no such technique 
was available so far, though generation via some restricted transformation involving vector fields 
were used [0]. Our matrix formulation opens a way to develop such methods in the general case of 
minimal and U{\Y 5D supergravities describing charged configurations. 

Sigma-model generating technique for minimal five-dimensional supergravity was developed 
in [||,|^, for an earlier discussion of hidden symmetries in this theory see [|l^]. The hidden symme- 
try is this case is the non-compact version G2{2) of the lowest exceptional group G2. To formulate 
the solution generating technique one has to use some matrix representation of the coset. Rep- 
resenting the seed solution in the matrix terms and acting by symmetry transformations one can 
extract the sigma-model variables for new solutions. In [|8|, ^ an explicit 7x7 representation of 
the coset G2(^2)/SL{2,R)^ was constructed using the representation of G2 found by Gunyadin and 
Gursey [11]. The generalization to the case of five-dimensional supergravity with three U{1) vector 
and two scalar fields was given in [|l^]. Apart from being more general, this theory is interesting 
by the fact that the corresponding hidden symmetry is given by a familiar group 50(4,4). Actu- 
ally, one of the ways to construct the matrix representation of ^2(2) consists in using 50(4,4) as 



a starting point [11] and imposing suitable constraints. The matrix representation of the relevant 
three-dimensional coset SO{4,4)/SO{4) x 50(4) is given in terms of the 8x8 matrices which are 
split into the 4x4 blocks. By freezing the scalar moduli and identifying the vector fields one 
reduces this theory to minimal 5D supergravity thus providing an alternative formulation of the 
technique of [^] in terms of the 8x8 matrices. 

Generation of the new solution appeals to transformation of the target space variables by the 
hidden symmetry group. This part of the procedure is purely algebraic. Another part consists in 
solving the differential dualisation equations relating the target space variable to the metric and 
vector fields [^, 12 1. These equations have to be solved twice: first for the seed solution to obtain 



its description in terms of the coset matrix, and then for the transformed solution in order to extract 
the metric and the matter fields from the transformed coset matrix. Solving these equations may 
present technical difficulties on the second step if the generating transformations are complicated 
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enough. To remedy this problem, we propose to pass to dualized variables in the matrix form. Such 
a possibility is suggested by the fact that the three-dimensional dual to the sigma-model matrix- 
valued current one-form is closed by virtue of the equations of motion. Then locally it is exact, 
and this provides the matrix-valued one-form whose exterior derivative is dual to the the initial 
matrix current. This dual matrix transforms under the global action of the hidden symmetry by 
some related transformation, and thus it can be found algebraically from the corresponding seed 
matrix. From this can read out the metric and matter fields of the transformed solution algebraically 
avoiding the inverse dualisation problem. 

Our primary motivation to develop the generating techniques for 5D supergravity was lack of 
the general black ring solution possessing the electric charges (one in the minimal case and three 
in the U{\y case), the magnetic charges, the mass and two independent rotation parameters [|l|]. In 
[§] an attempt was made to construct a charged black ring starting with the neutral solution with 
two rotation parameters found by Pomeranski and Senkov [[Tb]]. But the resulting solution was 
plagued with a conical singularity. To be able to derive a regular solution, one has to start with a 
non-regular seed solution with an extra free parameter, which can be fixed after the transformation. 
In principle, from the counting of free parameters in the transformations preserving asymptotic 
behavior of black rings, one finds that the general black ring can be generated indeed starting from 
some known solutions. But so far all attempts to find such a solution in a concise form were 
unsuccessful. 

In this paper we illustrate the application of our technique generating new Kaluza-Klein 
squashed black holes. These black holes look as five-dimensional near the event horizon exhibiting 
the strucure, but asymptotically collapses to a twisted bundle of over with a constant 
radius of and growing radius of S^. Thus at infinity they become four-dimensional objects with 
a compactified fifth dimension. One such solution to five-dimensional Einstein-Maxwell system 



was proposed by Ishihara and Matsuno 014| ] (non-rotating). Its physical parameters and thermo- 
dynamical properties were investigated in [|^, [I^. A certain class (but not all) of squashed black 
holes can be obtained by the so-called squashing transformation. This procedure was applied to 



asymptotically fiat [ ]l4 |17| , |18| ] and non-asymptotically flat solutions such as Kerr-Godel black 
holes [19, 20, 21]. In an attempt to enlarge the class of solutions, more recently Tomizawa, Yasui 
and Morisawa [22] applied G2(2) transformations of [||] to construct a generalization of the charged 



Rasheed black hole [ 23 ] obtaining a new solution with four independent parameters: mass, angular 



momentum, Kaluza-Klein parameter j8 (in the notation of [23]) and an electric charge. Here we 



will derive a more general five-parametric solution adding as an independent parameter the quan- 



tity a of [23], which corresponds to an electric charge in the four-dimensional interpretation of the 



Rasheed solution. 



2. General setting 



The U{\y 5D supergravity may be regarded as a truncated toroidal compactification of the 
IID supergravity: 

= 16^ / (^11 '^ii 1 - ^^[4] A*iif[4] - ^^-[4] AF[4] AA[3]) , (2.1) 
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where Fj4] = t/Ap]. Assuming an ansatz for the metric 

ds\^ = dsl {dz\ + dzl) {dzl + dzl) {dzl + dzl) > (2-2) 
and the form field 

A[3] = A^ A dzi A dz2 + A^ A dzs A dz4 + A^ A dzs A dze, 

where all functions are independent of z, we obtain the the bosonic sector of 5D supergravity 
coupled to three scalar moduli X' (I = 1,2,3), satisfying the constraint X^X'^X^ = 1, and to three 
vector fields A^: 

/5 = J (^R5*5 l-^G,jdX'A*5dX^-^GijF'A^5F^-^duKF'AF^AA''y (2.3) 

Gjj = diag {{XY\ {XY\ (.X^^) , F' = dA', I,J,K = 1,2,3. 

Here the Chem-Simons coefficients 5ijk = 1 for the indices being a permutation of 1, 2, 3, 

and zero otherwise. Contraction of the above theory to minimal 5D supergravity is effected via an 
identification of the vector fields: 

=A^ =A^ = -^A, 
\/3 

and freezing out the moduli: X^ = X^ = X^ = I. This leads to the Lagrangian 

1 1 

^5 =R^i,^l- F Ai^sF ^FAFAA. 

2 3^ 

It is worth noting that the 5D Einstein-Maxwell theory without the Chem-Simons term does not 
lead to the three-dimensional sigma model with a semi-simple hidden symmetry group, so in this 
case the solution generating technique can be formulated only for the static truncation of the theory. 
This explains why the charged rotating black hole solutions are not known analytically. 

2.1 Four-dimensional view 



Consider reduction of the D=5 action (2.3) to four dimensions. We assume that the 5D space- 
time has the structure ^5 = ^4 x 5'^ where is a circle, and is parameterized by the coordinates 
{xf^ ,z}, jJ. = I, . . . ,4 with z relating to the circle. Following to the standard procedure we decom- 
pose the 5D metric as 

dsl = e^dsl + e ^{dz + af, (2.4) 

where the is ds^ = g^v{x)dx^dx^ , the Kaluza-Klein one-form is a = a^dx^ and is the dilaton. In 
a similar way the 5D vector fields A\x^ ,z) are decomposed as 

A\x^,z)=A'{x^) + u'dz, (2.5) 

where uf are the axions. All the above fields do not depend on z- Inserting these decompositions 
into the 5D action we get the 4D lagrangian 

.j2'4 = /?4 * 1 - ^ A J0 - * t/X' A dX-' - ^eTiGij^du' A di/ -^e'^'^^^A Jf2.6) 

- ^e'TiGijirF' AF-' -^duKdA' AdA^u'^, 
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where ^ = da and = dA^ — duf A a are the field strength two-forms. Our purpose is to rewrite 
tliis lagrangian in the form exhibiting the S-duality symmetry. First of all we consider the scalar 
part of ( |2.6| ) written in the following form 



e.'^scai = \ {[di^f + GijdX'dX' + eT^Gijdu'd/^ =^AB{^)d^d^, A,B = 1,...,6, 

where d = d /dx^, 64 is the Hodge dual to unity: £4 = ★! = ^y—gd^x and all index operations 
refer to the metric g^y. The potentials <i>^ combine the six variables {X^ ,X'^,^,u'} and realize the 
map ^ : G ^4 — > <i>^ ix^ ) E ^scai between the 4D Minkowskian space-time and the target 
space with the metric ?^b(<I>). Replacing the dilaton and the moduli by the new variables a!: 
aJ = ^ I \/3 — InX^ enable us to simplify ££scai as follows 



The structure of the scalar manifold ^scai becomes more transparent in terms of three complex 
potentials 7} = u^ ^ ie^^' : 

e4'X.ai = \Z\dz'\^/ilmz')'. 

The lagrangian ^ = 2|5zP/(Iin z)^ invariant under the group 5'L(2,M) and the corresponding 
target space metric is the Kahler space SL{2,M.)/SO{2). So in our case the isometry group of ^scal 
is G = (51(2, M))3 and the corresponding target space is G/H = Jl.cai = {SL{2,R)/SO{2)y with 
the metric 

':^ABi^)d^d^'^ = ^ [{d<^f + GijdX'dX-' + ef^Gijdu'du'^ = ^£ |i/z^|V(Im z^)^. 

As the second step, we reformulate the vector part of the lagrangian according with the 
structure of the bosonic lagrangian ofN = 2 supergravity coupled to vector multiplets (for a review 
see the Ref.[p4[]). We express it in terms of the field two-forms F^ and ^ obeying to the Bianchi 



identities dF^ = and dJ^ = respectively. To extract the two-forms F^ one has to combine 
the exterior derivative d{ufa) in F^ = dA^ — du^ A a. As result we have F^ = F^ + u^^, where 
F^ = dA = d{A^ — u^a). Inserting the two-forms F^ and dA^ expressed via F and ^ into {2£) and 
integrating by parts the terms SjjkF' A du'u'^ A a and djjKdu^u'u'^ l\a will obtain for the 

vector part of the 4D lagrangian 

^yect = ^ e"^'^*^A^ + e"^G//(*F''AF-' + 2*^M[''AF-']+MV*^A^) (2.7) 
+ SijK (f' a Pu'^ + F'u^u'^ a ^ + ^u'u^u'^^ A ^) . 

Denote the field strength and its Hodge dual as ^ = j^^ydx^ t\dx^ and ^^^v = ^^"'^^a/^^v 
where Sap^v is the totally antisymmetric Levi-Civita tensor with (— g)^/^. Assuming that dx^ A 

dx" Adx"AdxP = -e^^^PeA, we find 

A^ = ^^^V'^^''e4 = \-^^e4, ^A^ = -^^^v*'^^''e4 = -^^^^64. 



5 



Hidden symmetries in 5D supergravities 



Dmitry V. Gal'tsov 



Note that in the 4D Lorentzian signature space the double Hodge dual is = — 1. We then combine 

/ f / \ ^ 
the field tensors f^^, and into the 4-column = and rewrite (2^) in the matrix 

form adopted in [25, 26 1: 

where the symmetric 4x4 matrices pL and V are given by 



This lagrangian yields the field equations for Vaijj--^'^^ — -^v-kSS"'^) = 0. Introducing 

the dual field strength as i^M"^^ = ji.^S"'^ — -j^v-k^"P we see that the above equations are 
the Bianchi identities for J^aji- Therefore the lagrangian ^vect takes the form manifestly S -duality 
symmetric: 



'a/3 



1 



It can be checked that relation between 3 and ★S is given by 

3 =^1P*3, 

where 11 = ^ ^ ^ is the 8x8 symplectic metric and P is the 8x8 matrix depending on the 
potentials of the scalar manifolds ^scai 

The matrix P provides the representation 7 of the coset element 7r(<i>^), namely 7 : tt G ^scai — > 
7(71) = P. We then have 

^ABd^d^^ = -^Tr{dPdP-^) = -\Tx{dpLdpL-^ - dvpL-^vpL-^). 
16 8 

Consider diffeomorphism <I>^ , which leave invariant the target space metric. It corre- 

sponds to the action of some element g belonging to the isometry group of the target space g G G. 
In terms of the matrix representation 7 this means that the coset matrix R = LyP transforms as 
R ^ R' = Y{g)RY{g^^)- Inserting the expression *3 = —D.PS into the ^tens and keeping in mind 
that L\Q. = —Q.Li we will obtain for the tensor part of the lagrangian: 
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If we now demand this lagrangian to be invariant under the action of y{g), we get the restrictions 
for the element g E G acting on the column as 3 y{g)Z. Performing the transformation we have 

Thus the conditions for y{g) are y{g) = y{g) and y{gY^y{g) = This relation means that there 
is the symplectic embedding of the isometry group into the symplectic group G 5/7(8, M) [p7|]. 
In other words, y{g) provides the symplectic representation of g which rotates the fields 3 . Note 
the full 4D lagrangian can be written in the following form 

^4 = + ^Tr(5^<9^-') - ^3^a^3 . 
16 8 

Thus the S -duality group for the four-dimensional reduction of the U{\)^ supergravity is SL{2,R)^, 
reducing to SL{2,R) in the minimal case. 

3. 3D sigma-model 

Consider now further reduction to three dimensions. It is convenient to restart from IID 
supergravity. An overall assumption for the IID manifold will be = x £ x ^3 where 
£ is if both these Killing vectors are asymptotically space-like, or x M if one of them is 
asymptotically time-like. The full set of 1 ID coordinates , N = 1,...,11 is thus split into z" G 
r^, a = 1 , . . . , 6, x' G ^3 , / = 1 , . . . , 3 and z'' G Z, p = 7, 8. The decomposition of the 5D metric is 
given by 

dsj = Xpq{dzP + aP){dz'' + a^) - Kr~^hijdx'dxj , (3. 1) 

where all metric functions are independent on z" and z^. The 5D metric components are parame- 
terized by the KK one-forms = afdx', the three-dimensional metric hij of ^3 and the scalars 
(pi,(p2,X^ which are arranged in the following 2x2 matrix 

A=e-*'^'f^ , detA^-T=»ce-7!<^'-^-, 

where k" = it is responsible for the signature: k: = 1 for space-like z^ , and K" = — 1 for time-like 
z^. The ansatz ( |2.2| ) leads to the five-dimensional action ( |2.3| ). The 5D U{1) gauge fields reduce 
to the 3D one-forms A\x') and the six axions collectively denoted as the 2D-covariant doublet 
Yp = {u' ,v') with the index p relative to the metric Xpq 

A'{x\z\z^) = A'{x') + YpdzP = A'{x') + u'dz'^ + vW. 

To obtain the three-dimensional sigma-model one has to dualize the electro-magnetic (EM) 
one-forms A' and the KK one-forms aP to scalars, which will be denoted as /i/ and cOp. The 
dualisation equations read: 

iXpqda^ = -kVp , 

dA' = dxj/gAa'i + r-'^G'-'i^Gj, (3.2) 
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where the one-forms G/ and Vp are given by 



Gi = dni + -5uKd\/pYgeP'', 

Vp = dWp - Yp (dill + ^duKditf^^Y^e'''' 



In the component form the Eqs.(3^) read:' 

1 



Jjk 



dkCOp - Yp dklll + T^IJKdkW'rWf^''* 



d^'A^' = a^I^^'l y[ + -L^£'^*^G" {dulij + ^-SjKtdrWpW^,^"'^ ■ (3-3) 
Substituting the metric ds\ in the form ( p| ) into the 5D action (2.3) and performing duaUsation 



via Eqs.(3.2) one derive the 3D gravity coupled sigma-model: 

1 



167rG3 



(3.4) 



where the Ricci scalar is build using the 3-dimensional metric The set of potentials ^ = 
(0, y'iI^IiX^ o^p)i = 1, . . . , 16 realizes the harmonic map <I>^ : x' G ^3 <I>^(x') G ^scai 
between the 3D space-time ^3 and the target space ^scai with the metric Wab{^'^)- The target 
space line element dl^ = ^Asd^d^ has the form 



dr 



-Gij {dX'dX^ + d^^X - ' Ji/) - - T- 1 G"GiGj + -Tx{X-^dXX-^dX) 



4 2 



(3.5) 



It is invariant under the action of the 28-parametric isometry group 50(4,4). The target space 
manifold ^scai is isomorphic to the coset ^ = 50(4,4) /H, where the isotropy group H is 50(4) x 
50(4) for k: = 1 and 50(2,2) x 50(2,2) for k: = — 1. That is there is an isomorphic map n: 
n{(^) G Moreover if g G 50(4,4) is some constant element of the isometry group then 
the following transformations 



71 ^ K 



' 71, ds-! 



dsl 



leave invariant the action (|3.4|). 

As a convenient representative of the coset 7i{(^) G ^ one can choose the matrix represen- 
tation 7 : 71 ^ 7(71) = where Y is the upper triangular matrix. We assume that Y transforms 



'the antisymmetrization is assumed with 1/2. 

^The set ^ = {<j>i,(l>2,<p3,<t>4) comprises four scalars related to previously introduced (pi,(p2,X ^rid X' via 



1 
1 



-ln(x3 



V3 



(Pl+(P2 



V3 



<Pi 



1 
1 



1 ^ 

—= In^. 

V2 
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under the global action of the symmetry group 50(4,4) by the right multiplication and under the 
local action of the isotropy group H by the left multiplication: = h{^)yg, where g and h 

belong to the matrix representation / of 50(4,4) and H respectively. Given this representative, one 
can construct the //—invariant matrix (which we denote the same symbol ^ as the coset space) 

where K is an involution matrix invariant under H: h{(^Y Kh{(^) = and dependent on the coset 
signature parameter k. Then the transformation of the matrix ^ under SO(4,4) will be 

j{ = gT Jig. (3.6) 



The target space metric ( [3.5| ) in terms of the matrix J{ will read 

dl^ = -\Tx{dJid.£-^). (3.7) 
8 

Choosing suitable 8x8 matrix representation 7 of the isometry group 50(4,4) we construct (see 
[12] for details ) the matrix representation of the coset ^ in terms of the 4x4 block matrices 
^ = and ^ = -B'^^ as follows 

where the block matrices are given explicitly in the Appendix. 
3.1 Matrix dualisation 



As we have discussed, the dualisation equations ( |3.3[ ) may present difficulties in applications 
of the solution generating technique. We can improve the situation performing dualisation in the 
matrix form. Introducing the matrix-valued current one-form ^ 



J = /idx' = J^dJ^ 



-1 



we can rewrite the 3-dimensional sigma-model action (3.4) in the following form 



In this expression the Hodge dual * is assumed with respect to the 3-dimensional metric hij. 
Variation of this action with respect to ^ shows that the two-form is closed: 

di. J (3.8) 

Variation with respect to the metric leads to three-dimensional Einstein equations: 

(/?3),7 = ^Tr(^,^,.)- (3.9) 



r denotes transposition with respect to the minor diagonal 
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The first equation (3.8) means that the matrix-valued two-forms *^ is locally exact, i.e., it can be 
presented as the exterior derivative of some matrix-valued one-form .yV , that is 



(3.10) 



The matrix .JV is defined up to adding an arbitrary matrix-valued closed one-form, which can be 
determined by choosing suitable asymptotic conditions. Now comparing the matrix dualisation 
equation ( 3.10| ) with the initial dualisation equations ( ^ ) we find the following purely algebraic 
relations between certain components of the matrix {jV\b^ a,^ = 1, . . . ,8 are and the previous 
variables aP and A^, namely 



(^)i6, a« = (^) 



17, 



Al = VAy + (^)l5, A2 = V/V + (^)i4, A3 = wy-(^)26. 



(3.11) 



Thus, if one manages to find the matrix .jV , the metric and matter fields can be extracted alge- 
braically. 

For the following it is important that the definition ( [3.10 ) and the transformation law for the 
matrix ^ (3^) under the global transformations g G 50(4,4) imply the following transformation 
of the matrix JV\ 



Using (3.11 one can read off the metric components and potentials without explicitly solving the 
differential dualisation equations. 



4. Solution generating technique 

The sigma-model presented in the previous sections gives rise to generating technique which 
allows to construct new solutions from the known ones. Let the metric hij and the set of potentials 
^ combined in the coset matrix ^ correspond to the metric and the three-form of some 1 ID seed 
solution. One has to extract part of the target space potentials from the seed solution algebraically 
and solve the differential dualisation equations ( ^ ) to find the remaining potentials. Using the 
action of the target space isometrics one can then construct a new solution of the sigma-model with 
the same three-metric /i-^ = /j,y and the coset matrix 

Ji' = g^.£g (or.^' = g^/), 50(4,4). 

Note that five target space variables 0i , 02) ^3) 04, Z enter the eleven-dimensional metric alge- 
braically, via the moduli X^, Xpq. 

ds\^ = £ X' (^{dz"f + {dz"'f^+Xpq{dzP + aP){dz'' + a'') + T-^hijdx'dxj, aa' = {12,34,56), 

I,a,a' 

while the KK vectors qP in the sector are related to the target space potentials (Op via dualisation. 
Similarly, in the form-field sector, 

A[3] = (a' + ^fldzP) A dz^ A dz^ + (A^ + (//^Jz^) A dz^ A dz^ + (A^ + i//'pt/z'') A dz^ A dz^ 
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the six quantities i//^ are the target space potentials, while the remaining one forms are related 
to the potentials /X/ via dualisation. So the set of transformed potentials A^^, {X')' and {^fp)' can 
be explicitly extracted from the coset matrix . The remaining components of the transformed 
metric {ds\^y and the 3-form (Ap])' which are parametrized as the KK one-forms (a^)' and the 



EM fields (A^)' are determined by the dualisation equations (3^). The inverse dualisation via the 
Eqs. ( ^3| ) may be very difficult technically. Fortunately, this problem can be reduced to a purely 
algebraic one using the dualisation in the matrix form ( |3.10 ) as described in the previous section. 
Taking into account that the matrix ^ transforms as 

^'=/-^(/)"' {ov^' = g^g-'), 5 G 50(4,4) 
and using the relations ( 3.1 1[ ) one can easily obtain the desired quantities (a^)' and (A^)'. 



We will denote the 28 generators of the 5o(4,4) algebra as 

with / = 1,2,3, 7? = 7,8. Their matrix representation can be found in the Appendix. The corre- 
sponding one-parametric transformations g = e"^, where a is a transformation parameter, give 
the set of the target space isometrics. 

4.1 Asymptotic conditions 

An important question is how to identify the isometrics we need to use in order to construct 
solutions with the desired properties. These are usually associated with asymptotic conditions. In 
this paper we consider asymptotic conditions corresponding to 5D Kaluza-Klein black holes with 
squashed horizons embedded into eleven dimensions which correspond to the following asymptotic 
manifold: where 5.,^ is a squashed 5^. We will assume that target space potentials 

have the following general asymptotic behavior 

5 Ok 

cos--^, A[3]=0, (4.1) 

where dX, day] and 8(0% are constant. The asymptotic behavior with 8X = 5g)7 = 8(0% = cor- 
respond to the trivial 5' bundle over a 4D Minkowski space-time. The asymptotic coset matrix for 
this case is = K which is preserved under the isometrics belonging to the isotropy group H of 
the 50(4,4): 

p'+p^', Zi+z^i, Wi-W-i, Q.^-Q^. 




For more general asymptotic behavior such as ( |4. 1[ ) one have use the above transformations with 
some constraints on the parameters. 

To apply these isometrics in the case of minimal 5D supergravity one needs to find the relevant 
embedding of the G2(2) subgroup into 50(4,4). As was shown in [p^], the following combinations 
of the 50(4,4) generators realize the positive and negative root generators of G2[2)- 

z±~£z±,, a^p, x^. 

Thus the isometrics 

P^+P , Z++Z^, , D.^ + D. \ 

can be used to generate new KK solutions in the minimal 5D supergravity. 
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5. Five-parametric squashed black hole 



Our improved generating technique allows us to construct the charged Rasheed solution from 
the Kerr Black Hole. We define the coordinates = a;^, =t and jc' = (r, 0,0). In this basis 
the Kerr solution of the mass Mk and the angular momentum Jk = qMk smeared into the fifth 
dimension reads 



{dx^f-{\-Z) 



aZ sin^ 0,^2 
1-Z 



+ ^dr^ + pde^ + - 
A 1 



.sin^dd^^, 



where 



p =r^ +a^cos^d, A = r^ -IMKr + a-^ 
The corresponding target space variables are: 



IMxr 



i-pq 




1-Z, 



a>7 =0, (Os 



IMku cos d 



0, 



aZsin G 



The above definitions of the target space potentials lead to the following blocks of the coset matrix 



/O 


p 


o\ 









o\ 
















1 

Z-1 






















1 


\0 









V 





01/ 



One can easily obtain the dual matrix ^ solving the Eq.( |3.10| ) : 

/ 2MkAcos9 



V 



P(l-Z) 







Za{r-2Mk)sm- ( 
r{i-Z) 







IMkAcosQ 
P(l-Z) 





























IMkAcosG 

" " " " p(i-z) 



Mr-m)^sm^e 



\ 

Za sin^ Q 

1-Z 







IMkAcosQ 

p(i-z) / 



dip. 



To obtain the charged dyon solution from the Kerr one we apply to the seed coset matrices ^ and 
c/K the following sequence of global transformations 



■g2 



■g3 



.5i:;(Z;+Z_/) 



with the constant parameters a,p,Y,5. Here we assume that the matrices ^ and ^ are trans- 
formed under g = gig2g3g4 as = g^g^ and = gj^ g^^ respectively. Then we demand 
that gig2g3 preserve the 0{\) asymptotic behavior of or, equivalently, the 0{~t) asymptotic 
behavior of (O^. This give the same relation between three parameters a, j3, 7 as in [p3|]: 



tan 27 = tanh a sinh j8 . 
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This constraint ensures the asymptotic flatness and the absence of the NUT parameter in the four- 
dimensional solution. Then extracting the target space variables from and .yV' , transformed 
KK one-forms (a^)' and the five-dimensional one-form A' one can write the metric and the 3-form 
field of new solution: 



1 



+ f{dt + D.')^ + -^{dx^+Wd(l)f-D{^dr^ + pde^ + j^sin^ed(l)^ ) , 



Ajj] = + B)dt - {sC + cE)d:)^ + c{XB - WE) - s{WC + YA) dij)^ Adz" Ad/ 



with 



/ = ^, Q! = asdx' +a^d(ii, D=Ac^+Bs^ 



C T E -J 

A B ^ 



WC + YA . XB-WE 
: +■ 



B 



The functions A , B, C, £ , X , 7, W is given by 



B 

E 
C 

W 

X 



2M^cj {ca -p)+ 2MK\r{p - Cacj)- aSaSpcj cos j - pp 
p{p-2Mkr) ' 
2M|(1 + Cap){p - CaC^p) + 2MK{aSaS^{\ + clcjj)cos 9 ~ r{caP^ ~ CaC^p + p)^ - pp 

p{p-2Mkr) ' 
2Mk [MRSa {caC^p - p) + rpsa - aCaSp cos d 



p - 2MKr 
2MKCp {MKSaSp +ap COS 0) 
p~2M^r ' 



2M/fCj3 ^MK(^asa sin^ 9{p — Ccc^) — 2sprcos 0^ +Sjj (r^ + fl^)cos 9 — asapr sin^ 



p{p-2MKr) 



2MKacp sin^ (MKica - p) - rca 

p - 2MKr ' 
-2MK^MK{2sapr cos 9 — asp sin^ 9{pca + 1)^ — Sapcos9{a^ + r^) +asprs\T?' 

p - 2MKr 



(5.1) 

(5.2) 

(5.3) 
(5.4) 

(5.5) 

(5.6) 

(5.7) 



where 



P = \l c\ + sli^s^^^ = cosh:*r, = sinh*, c = cosh5, = sinh5. 



Our new solution contains five free parameters MK,a, (X,l5,d and reduces to that of [22] if a = 
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6. Asymptotic behavior 

The functions (5J_)-(5^) have the following asymptotic behavior at spatial infinity 

IMKclca 1 /In 
A = -1 ^ + 

p r J 

2MKCa{cl-p^)l 

B = 1 + ^- + 0(^], 

p r \r^ J 

C = -2MKCii{saSpMK + pacosd)^ + o(^-^ 
E = 2MKSaP^ + o(^^y 
X = IMKacaCp sin^ d- + o(^-^^, 

Y = IMkSaP cos B - IMKOSp sin^ - + O (^-^ 

IMkSrck cos 6 ,1 /I 

p ^ r 

These decompositions lead to the asymptotical expression of the five-dimensional metric and the 
electro-magnetic one-form A': 

dsj = -df + [dx^ + ^^^^P^J^ ^°^^ d(j)f + dt^ + t^{dd^ + sin^ dd^^), 
^[3] = Y.^' /\dz" Adz"' , 

( asm^^{ssB-ccaCR)+2MKSaCos^{ccpSB+s^p^Ca)^ ^/ 1 \ 
= 2MKCs^-spsaCose -\ — l^j' 

Then we define the Komar mass and angular momenta as 

where ^^fy ^^^^y ^1^^^) are the Kilhng vector fields = ^^^^da = d;, = d^, ,^(^5) = 5,.5, which 
normalized as ^^^^ = — 1, ^^^^ = 1, (§^^5^ = 1 at infinity. The integrals are taken over the squashed 
at spatial infinity r —^oo and the surface element is dZt,- = sm{d)d6 Ad<p Adx^. Here we assume 
that e has the periodicity 2nR^. The computations of the Komar integrals with respect the 
5-dimensional metric 

ds] = f{dt + n')^ + -7?- (dx^ + Wd(l)f -d( ^dr^ + pdG^ + sin^ dd(l)A 
jD \A 1 — Z J 
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give the following results: 



M = %Rs{c^ + s^)MKpca, 

4 3 3 

= --RsMKuicaC^c -s^s ), 

J^5 = -ARsMKpSaC^ 



The conserved electric charge Qg of the new solution is 



Qe = - 



1 



1 



where F' = dA' . One finds that 



Qe = -prRs^KSCCaP 



7. Conclusions 

We have presented a new formulation of solution generating technique for the 5D minimal 
and U{Vf' supergravities based on the 3D sigma-model with the 50(4,4) isometry group. Starting 
from any seed solution possessing two commuting Killing vector fields and using transformations 
of the target space isometry group one can construct new solutions with the same three-dimensional 
metric. The solution generation procedure consists in solving the dualisation equations for the seed 
solution to express it in the sigma-model variables, applying some 50(4,4) transformations to get 
new sigma-model potential, and finally to pass back to the metric and field variable. Usually the 
last steps also involves solving the dualisation equations, but we suggest here the dualisation in the 
matrix form with an independent transformation of the dual variables. This allows to avoid solving 
differential equations for the backward duaUsation, replacing this step by an algebraic procedure. 
As an appUcation we have obtained the five-parametric Kaluza-Klein black hole of the minimal 
5D supergravity. Our generating transformations generalize those of the vacuum 5D gravity to the 
presence of vector fields and open a way to develop the inverse scattering technique for this more 
general case. 
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A. 8 X 8 matrix representation 

We choose the following 8x8 matrix representation of the so(4,4) algebra 




(A.l) 
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where A, S, C are the 4 x 4 matrices, A, B being antisymmetric, B = —B^, C = —C^, and the 
symbol T in A^ means transposition with respect to the minor diagonal. The diagonal matrices H 
are given by the following A— type matrices (with B = = C): 



/V2 0\ 


\ 0/ 



/O o\ 
V2 


\0 0/ 



/oo o\ 


0^/2 
\0 0/ 



/O \ 





Vo 



Twelve generators corresponding to the positive roots are given by the upper-triangular matrices 
Ek, k=\,..., 12,. From these the generators labeled by A: = 2, 4, 6, 7, 9, 12 are of pure A-type (with 

B = = C): 



/O l\ 



\0 0/ 

/OOO \ 
-1 


\0 / 



l£4 



/O \ 


-1 
\0 / 

/O -1 o\ 


\0 0/ 



l£6 



while the other six are of pure B type (with A = = C): 



B 



El 



/l \ 



\0 -1/ 



B 



£3 



/O o\ 
0-100 
10 

\0 0/ 



E5 



/O 1 o\ 



\0 0/ 

/oo o\ 

0-10 

\0 0/ 



/ o\ 

-10 
\ 10 0/ 



^£8 = 



/ o\ 
-10 

\ 10/ 



^£10 = 



/O 1 \ 

-1 

\0 / 



Beu = 



/O 1 \ 
-1 


\0 / 



The correspondence with the previously introduced generators is as follows (/ = 1,2,3, p = 7,8): 

^Ep+2, X^-^Ei2- 
In this representation, the matrices corresponding to the negative roots. 



W-l ^ E_ (7+3) , Z_/ ^ E_ (7+6) , 



are transposed with respect to the positive roots matrices: 

E_k = {Ekf. 



a-p ^ E_ 



X- ^E. 



12, 
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The following normalization conditions are assumed: 

Tr{Hi,Hj) = A5ij, i,j = 1 . . .4, Tr(£^,£_^) = 2, 

and the involution matrix K is chosen as 

K = diag{K, K-,1,1,1,1,K-, k). 

The generators of the isotropy subgroup are selected by the equation h{^)^ Kh{^) = K. They are 
given by the following linear combinations of the generators: 

P'-kP~', Zi-kZ_i, Wi-W-i, X^-kX-, O^-kQ-^ 0.^-0.-^. 



B. Matrix representation of coset 



where the 4x4 blocks ^ and =S are 



/ 3 2 3 2 
,, 1 U V —\ru 
Mi + 2 



G>7 



6 V ^2 U \ 



-M3 + - 



V 



-u 








Here and A are the 3 x 3 matrices 



( 1 -V^ \ 

1 
1 



A = Jc 





.\/202 







ev^v2 



and O is the 3-column 



M2 



+ i(Mlv3-MV)\ 
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